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Abstrat
We onsider a nonlinear sigma model oupled to the metri of a oni spae. We obtain restri-
tions for a non-linear sigma model to be a soure of the oni spae. We then study non-linear
sigma model in the oni spae bakground. We find oordinate transformations whih redue
the hiral fields equations in the oni spae bakground to field equations in Minkowski spae-
time. This enables us to apply the same methods for obtaining exat solutions in Minkowski
spaetime to the ase of a oni spaetime. In the ase the solutions depend on two spatial
oordinates we employ Ivanov's geometrial ansatz. We give a general analysis and also present
lasses of solutions in whih there is dependene on three and four oordinates. We disuss with
speial attention the intermediate instanton and meron solutions and their analogous in the oni
spae. We find differenes in the total ations and topologial harges of these solutions and
disuss the role of the defiit angle.
PACS-94: 04.20.-q 98.80.-Dr
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1 Introdution
In the late seventies and beginning of eighties muh attention was devoted to non-linear
sigma model formulated in two-dimensional Eulidian and pseudo-Eulidian spaes[1, 2, 3,
4, 5℄. The reason for that lies on the strong analogy with four-dimensional gauge theories
(instanton solutions, asymptoti freedom, and so on (see, e.g reviews [6, 7, 8℄)). In most
ases non-linear sigma models have been onsidered as a laboratory or a toy models with
the following appliations of the developed methods and solutions to the investigation
of gauge theories. When we onsider non-linear sigma model in spaes with more than
two dimensions the analogy with gauge theories fails. The fat that in four-dimensional
ase there exist no topologially nontrivial solutions led to various attempts to extend the
model to four dimensions via the introdution of additional interations with a gauge or
a gravitational field [9, 10℄.
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When non-linear sigma model oupled to gravitation were onsidered a new method
of obtaining exat solutions for a model of this type was developed [11℄. The method
is based on a isometri ansatz, whih preserves the isometri motion in spaetime and
in the target spae. In this way new exat solutions in gravitational theory have been
obtained [11℄[12℄. This method was then applied to obtaining exat solutions in the ase
of a four-dimensional (4D) Minkowski spaetime, as a onnetion between an isometri
subgroup and a subgroup of target spae was postulated. Moreover when applied to two-
dimensional (2D) non-linear sigma model the method gives a wide lass of exat solutions
[13℄, in whih instanton and meron solutions arises as a speial ase of the subgroup of
rotations.
Coni spae, on the other hand, has first appeared in the ontext of a osmi string
model[14℄. It an be haraterized by a spae-time metri with a Riemann-Christoffel
urvature tensor whih vanishes everywhere, exept in one point,where there is a onial
singularity. The loal flatness of this kind of spae-time an indue several interesting
effets. As examples of these effets we an mention gravitational lensing[15℄, eletrostati
self-fore on an eletri harge at rest[16℄ and the so-alled gravitational Aharonov-Bohm
effet[17℄ among others.
In this paper we investigate the non-linear sigma model in the a spae-time with oni-
type singularity, namely, the spae-time of a osmi string, and show how the obtained
results differ from those obtained in flat Minkowski spaetime.
This paper is organized as follows. In setion 2, we introdue the non-linear sigma
model in a onial geometry. In setion 3, we onsider the dynami equations and disuss
the symmetries and general properties of their solutions and introdue the Ivanov's geo-
metrial ansatz. In setion 4, we obtain the two-dimensional solutions. In setion 5, we
disuss the four-dimensional solutions. Finally, in setion 6, we draw some onlusions.
2 Massive nonlinear sigma model oupled to the metri
of the oni spae
It is well known that the spaetime soured by a straight stati (osmi) string, is a
onial spae with metri given by [14℄
ds2 = dt2 − dz2 − dρ2 − (1− 4Gµ)2ρ2dφ2 = ̺ikdxidxk (1)
whih possesses a onial singularity haraterized by a defiit angle δ = 8πGµ. (We
sometimes will use the notation (1− 4Gµ)2 = α2).
In this setion we are going to onsider a massive non-linear sigma model [18℄, that
is, a non-linear sigma model with a potential of self-interation, oupled to the metri of
the oni spae (1). As a target spae we hoose a two-dimensional sphere S2 admitting
SO(3)-symmetry, the metri of whih is given by
ds2 = dχ2 + sin2 χdΘ2 = hABϕ
AϕB, 0 < χ < π, 0 ≤ Θ < 2π. (2)
The dynami equations of the hiral fields an be obtained form the variation of the ation
of non-linear sigma model with the potential of self-interation W (ϕC)
2
SNSM =
∫ √−gd4x( 1
2
hABϕ
A
,iϕ
B
,k̺
ik −W (ϕC)
)
, (3)
with respet to the hiral fields ϕC and are given by
1√−̺∂µ
(√−̺̺µνhABϕB,ν)− 12
∂hBC
∂ϕA
ϕB,µϕ
C
,ν̺
µν +
∂W
∂ϕA
= 0. (4)
On the other hand, the energy-momentum tensor of a massive non-linear sigma model
an be alulated from the formula
Tµν = hABϕ
A
,µϕ
B
,ν − ̺µν
(
1
2
hABϕ
A
,γϕ
B
,δ̺
γδ −W (ϕC)
)
. (5)
If one onsiders the oupling of the hiral fields to the gravitational field, then the
Einstein equations
Rµν = κ
(
Tµν − 1
2
gµνT
)
. (6)
should be added. In our ase we may set gµν = ̺µν in equation (6).
In the literature devoted to oni spae (see, for example, [14℄) it has been stressed that
osmi strings have very unusual properties. The fat, that self-gravitating non-linear
sigma model also may have very speial solutions [19℄, due to the struture of energy
momentum tensor (5), gives hope to find possible onfigurations of the target spae of
non-linear sigma model whih lead to the oni spae (1). For the sake of simpliity and
with the aim to keep effets oming from the defiit angle let us for a moment redue our
onsideration to the ase when the hiral fields χ and Θ are funtions of the oordinates ρ
and φ only. With this restrition the non-vanishing omponents of the energy-momentum
tensor are
T00 =
1
2
(
χ2ρ + sin
2 χΘ2ρ +
1
α2ρ2
{χ2φ + sin2 χΘ2φ}
)
+W ; (7)
Tzz = −12
(
χ2ρ + sin
2 χΘ2ρ +
1
α2ρ2
{χ2φ + sin2 χΘ2φ}
)
−W ; (8)
Tρρ =
1
2
(
χ2ρ + sin
2 χΘ2ρ −
1
α2ρ2
{χ2φ + sin2 χΘ2φ}
)
−W ; (9)
Tφφ =
1
2
(
χ2φ + sin
2 χΘ2φ − α2ρ2{χ2ρ + sin2 χΘ2ρ}
)
− α2ρ2W ; (10)
Tρφ = χρχφ + sin
2 χΘρΘφ (11)
To solve the Einstein equations (6) in the oni spae (1) with the energy momentum
tensor (7)-(11) we have to onsider the strong restritions:
W = 0, χ = const, Θ = const. (12)
It is easy to see that only when (12) holds all omponents of the energy momentum
tensor for SO(3)-symmetri non-linear sigma model will be equal to zero, in aordane
with the vanishing of the Einstein tensor Gµν in the oni spae (1). Nevertheless, the
Einstein equations Gµν = 0 an be satisfied without any referene to (12), if we hange
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the signature of metri of the target spae (2) from Eulidian to pseudo-Eulidian and
put the following restritions on the hiral fields
W = 0, χ2ρ = sin
2 χΘ2ρ, χ
2
φ = sin
2 χΘ2φ (13)
In this way the oni spae (1) an be soured by non-linear sigma model (3) with
the onstraints imposed by (13) to the target spae. However, if we want to avoid these
onstraints we have to onsider the pure kineti non-linear sigma model (W = 0) in the
bakground of the oni spae, i.e., we have to work with the hiral field equations (4)
without referenes to the Einstein equations (6).
It should be mentioned here that finding solutions of non-linear sigma model in the
bakground of some spaes of GR is rather a ompliated task. In many ases the solutions
an be found only in asymptoti form or by numerial methods (for reent investigations
see, for example, [20, 21℄).
3 The dynami equations of non-linear sigma model on
the oni spae bakground
Taking into aount the oni spae and the target spae metris (1) and (2), respetively,
one an write out the dynami equations (4) in terms of ylindrial oordinates (1). But
it is possible onsiderably simplify the bakground field equations (4), if we hoose new
variables orresponding to the irle ylindri oordinates (-oordinates)
u = ln ρ; −∞ < u <∞; v = αφ; 0 ≤ v < 2πα; z = z; −∞ < z <∞.
In these oordinates the metri of the oni spae (1) takes the form
ds2 = dt2 − dz2 − e2u
(
du2 + dv2
)
= dt2 − dz2 − ds2cs. (14)
Here we define the two-dimensional oni setor of the oni spae as ds2cs =
e2u (du2 + dv2).
The dynami equations (4) with W = 0 an be written as
− χtt + χzz + χuu + χvv − sinχ cosχ
(
−Θ2t +Θ2z +Θ2u +Θ2v
)
= 0; (15)
−Θtt + Θzz +Θuu +Θvv + 2 cotχ (−χtΘt + χzΘz + χuΘu + χvΘv) = 0. (16)
Let us note that the equations (15-16) have the same form as the equations of non-linear
sigma model in the Minkowski spae-time [22℄ beause of onformal invariant symmetry
of the oni setor. Thus the solutions have the same form as in Minkwoski spaetime
ase but their properties will be rather different. In the next setions we will onsider
these solutions, obtained in [13℄ and [22℄ for the ase of SO(3)-symmetri non-linear sigma
model in Minkowski spaetime bakground.
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3.1 Symmetries and general properties of the solutions
First of all let us onsider the symmetries of the hiral fields equations (15)-(16). These
equations are invariant with respet to the substitutions:
χ↔ −χ, χ↔ χ+ πk, k ∈ Z; Θ↔ −Θ, Θ↔ Θ+ const, ζ ↔ η. (17)
where the new variables ζ and η are defined as ζ = 1
2
(z + t), η = 1
2
(z − t). It is lear
that the field equations (15)-(16) are also invariant under the hange u ↔ v ↔ z ↔ u.
It is important to bear in mind that these substitutions an be always done. Let us now
turn our attention to the solutions whih are related to the oni setor(u,v): ds2cs =
e2u (du2 + dv2) .
Let us start by mentioning some simple solutions and properties whih may be of
interest as far as quantum properties are onerned:
i) Simple solutions orresponding to free fields, sometimes onsidered as lassial va-
uum solutions in the two-dimensional ase [9℄. These have the same meaning as in the
four-dimensional ase and are given by: χ = χ0 = const, Θ = Θ0 = const.
ii) If the hiral fields χ and Θ depend on the two oordinates u and v or z and t, the
dynami equations orrespond to those in the two-dimensional Eulidian [1℄ or pseudo-
Eulidian [5℄ non-linear sigma model , respetively. The solutions have the same form as
in already mentioned works [1, 5℄ for the ase of four-dimensional non-linear sigma model
.
Let us inlude an additional dependene on ζ for the hiral fields, namely χ andΘ being
funtions of u, v and ζ . Then, it is lear from the equations (15)-(16), that any solution of
two-dimensional non-linear sigma model of the oni setor (u, v) an be extended to the
ase with the dependene on ζ . To this end we an replae the onstants of integration
in two-dimensional non-linear sigma model by arbitrary funtions of ζ .
3.2 Ivanov's geometrial ansatz
A proedure to obtain the exat solutions of the dynami equations is based on Ivanov's
geometrial ansatz [11℄. This method an be desribed as follows. First of all, we have
to postulate Ivanov's geometrial ansatz. Let us suppose that the spae-time admits the
group of isometri and homotheti symmetry Gr with r -linear independent vetors of
isometri or homotheti motion ξiα(x) and the struture's onstants C
α
βγ. Let us remind
that an infinitesimal transformation δxi = ξi(x) orresponds to an isometri motion if
ξi(x) is the solution of the Killing equations
ξµ;ν + ξν;µ = 0. (18)
where (;) denotes ovariant derivative.
The vetor field ξµ(x) defines a homotheti motion if
ξµ;ν + ξν;µ = λgµν , λ = const. (19)
We assume that the target spae admits a group of isometri symmetry Gs with s
-linear independent Killing's vetors ζAa (ϕ) and the struture's onstants C
a
bc. Ivanov's
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geometrial ansatz onsists in postulating the following relation between the symmetries
of the basi and target spaes
ξµα∂µϕ
A = Kaαζ
A
a , K
a
α = const, (20)
where
α = 1, . . . , r; a = 1, . . . , s.
In the ase under onsideration, that is, when Einstein equations are not being taken
into aount, the equation (20) an be assumed for some subgroups of the group Gr. It
should be noted that the onstants Kaα are not arbitrary. The integrability onditions of
(20) implies that Kaα must satisfy:
KaγC
γ
αβ = K
b
αK
c
βC
a
bc.
By integrating the equations (18) and (19) in Minkowski spaetime
dS2 = ηµνdx
µdxν = −(dx0)2 + (dx1)2 + (dx2)2 + (dx3)2 (21)
we obtain the linear independent Killing vetors and vetors of homotheti motion (on-
formal Killing vetors) in Minkowski spaetime (21):
ξµ1 = δ
µ
1 , ξ
µ
2 = δ
µ
2 , ξ
µ
3 = x
2δµ1 − x1δµ2 , ξµ4 =
λ
2
(x1δµ1 + x
2δµ2 ) (22)
In the ase of the oni spae (1) the Killing vetors and onformal Killing vetors for
oni setor are
ξµ1 = δ
µ
v , ξ
µ
2 = e
−u (sin vδµv + cos vδ
µ
u) , ξ
µ
3 = e
−u (sin vδµv − cos vδµu) , ξµ4 =
λ
2
δµu . (23)
It is lear that the vetor ξµ1 orresponds to a rotation and the vetor ξ
µ
2 and ξ
µ
3
orresponds to translations along the x-axis and y-axis, respetively. The vetor ξµ4 , on
the other hand, is the vetor of homotheti motion.
Now, Killing vetors of the target spae S2 (2) an be represented in the form
ζA1 = − sinΘδA1 − cosΘ cotχδA2 ; (24)
ζA2 = cosΘδ
A
1 − sin Θ cotχδA2
ζA3 = δ
A
2 .
Thus, the geometri ansatz (20) with the help of (24) will take the form:
ξiαχi = −K1α sin Θ +K2α cosΘ; (25)
ξiαΘi = −K1α cosΘ cotχ−K2α sin Θ cotχ+K3α.
Our strategy to obtain solutions is the following: for eah Killing vetor we will solve
the ansatz (25) and then will insert the obtained solutions into the fields equations (15)-
(16). Integrating the equations will lead to the exat solutions.
6
4 Two-dimensional Solutions
Let us start from the rotational symmetry of the oni setor, whih is desribed by the
Killing vetor ξi1 in (23). The equations (25) will take the form
χv = −a sin Θ + b cosΘ, (26)
Θv = − cothχ (a cosΘ + b sinΘ) +m.
Here we used the notation K11 = a, K
2
1 = b, K
3
1 = m . In the ase of other symmetries
the derivatives in left hand side of (26) should be replaed by derivatives with respet to
the orresponding variables: x = eu cos v, y = eu sin v or u.
To integrate the hiral field equations (15)-(16) it is onvenient to onsider the speial
restritions on the values of the onstants in the equations (26). After investigating the
rotational symmetry in this setion we will disuss the remaining symmetries: translations
and homothety with the same values of the onstants in (26).
4.1 Some partiular solutions
In this subsetion we will onsider solutions orresponding to some partiular situations.
A1: a = b = m = 0, ξµ1 = δ
µ
v .
By integrating (26) one an find
χ = χ(u), Θ = Θ(u).
Then, after integrating the equation (16) we obtain the onstraint
sin2 χΘu = c1, (27)
The remaining equation (15) in terms of -oordinates beomes
χuu − c21
cosχ
sin3 χ
= 0. (28)
Thus, the solution of the hiral fields dynami equations reads
χ = ± arccos


√√√√c22 − c21
c22
sin(|c2|u)

+ 2πk, k ∈ Z, (29)
Θ = arctan
(
c1
c2
tan(|c2|u)
)
. (30)
This solution, evidently, does not ontain the angle defiit δ.
A2: a = b = m = 0, ξµ2 = e
−u(sin vδµv + cos vδ
µ
u).
The solution of the ansatz (26) will be given by
χ = χ(y), Θ = Θ(y)
Thus the solutions of the hiral field equations are given by formula (29)-(30) with
the substitution u→ y = eu sin v.
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A3: a = b = m = 0, ξµ3 = e
−u(sin vδµv − cos vδµu).
The situation here is the same as in the subsetion A2 with the substitution x↔ y.
A4: a = b = m = 0, ξµ4 =
λ
2
δµu .
The ase of the homotheti motion is similar to the ase of the rotation, that is, to
the results of the subsetion A1. The solution of the hiral fields dynami equations is
desribed by the formulas (29)-(30) with the substitution v ↔ u. Note that this solution
ontains the defiit angle δ beause v = αφ and α2 = (1− δ/2)2.
B1: a = b = 0; m 6= 0, ξµ1 = δµv .
By integrating (26) with m 6= 0 we obtain
χ = χ(u), Θ = mv + f(u). (31)
From the substitution η = cosχ the hiral fields equation (15),(16) an be redued to
the first-order differential equations
fu =
c0
1− η2 , (32)
(ηu)
2 = m2η4 −
(
c1 + c
2
0 + 2m
2
)
η2 + c1 +m
2,
The last equation admits a general solution in terms of ellipti integrals of the first kind
F(k, ϕ). The inverse dependene for u is given by the formula
u =
A√
2
√√√√(2η2c
A
+ 1
)√√√√(2η2c+B
B − A
)√√√√(2η2c
−A
)
(33)
F
[√√√√(2η2c
A
+ 1
)
,
√(
A
A−B
)](
c
√
cη6 + bη4 + aη2
)
−1
where
A = b1+
√
b21 − 4ac, B = b1−
√
b21 − 4a1c, a1 = m2+c1, b1 = −(2m2+c20+c1), c = m2
(34)
The defiit angle appears in the solution for Θ given by (31).
B2: a = b = 0; m 6= 0 ξµ2 = e−u(sin vδµv + cos vδµu).
Taking into aount the replaement ∂v by ∂x one an write the solution of the ansatz
(26) in the following way
χ = χ(y), Θ = mx+ f(y).
Thus the solution of the hiral fields equations is given by formulas (31)-(34) with the
substitutions: u→ y = eu sin v, v → x. This solution does not ontain the defiit angle.
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B3: a = b = 0, m 6= 0, ξµ3 = e−u(sin vδµv − cos vδµu).
The situation here is the same as in the subsetion B2 if we take into aount the exhange
x↔ y.
B4: a = b = 0, m 6= 0, ξµ4 = λ2δµu .
By integrating (26) with m 6= 0 and taking into aount the replaement ∂v → ∂u we
obtain
χ = χ(v), Θ =
2
λ
mu+ f(v). (35)
In this ase the solution of the hiral fields dynami equations is given by the formu-
las(31)-(34) with the substitutions: m → 2
λ
m, v ↔ u. Note that this solution ontains
the defiit angle δ.
C1: a2 + b2 6= 0; m = 0; ξµ1 = δµv .
By integrating (26) we obtain the result
χ = arccos [sin µ(u) sin (pv +B(u))] , (36)
Θ = θ0 + arcsin

 sin µ cos{(pv +B)}√
1− (sin2 µ) sin2(pv +B)

 ,
where p2 = a2 + b2, coth θ0 =
a
b
.
The hiral fields equations redued to the equations of the funtions µ(u) and B(u)
whih will have the same form as (32) when we make the substitutions: η → cosµ, f →
B,m2 → p2. The solution (33) will also be valid with the substitutions above.
C2: a2 + b2 6= 0; m = 0; ξµ2 = e−u(sin vδµv + cos vδµu).
The solution of the ansatz (26) is given by the formula (36) with the substitutions:
u→ y, v → x. Thus the solution of the hiral fields equations is given by formulas (36),
(32), (33),(34) with the substitutions: u→ y, v → x.
C3: a2 + b2 6= 0; m = 0; ξµ3 = e−u(sin vδµv − cos vδµu).
The situation here is the same as in the subsetion C2 with the substitution x↔ y.
C4: a2 + b2 6= 0; m = 0; ξµ4 = λ2δµu .
This ase orresponds to the ase presented in the paragraph C1 with the multipliation
of the onstants a, b,m by 2
λ
and the replaement u↔ v in the solution. The defiit angle
is also ontained in this solution.
9
D1: a2 + b2 6= 0; m 6= 0, ξµ1 = δµv .
This ase orresponds to the most general solution of Ivanov geometri ansatz (25) for
SO(3)-invariant non-linear sigma model . The solution of (25) is
k (u+B(v)) = arctan

 s
±
√
1∓ A2k2(1 + s2)

− arctan s, (37)
where k2 = a2 + b2 +m2, s = k
m
cothω, ω = Θ+ θ0, tan θ0 =
b
a
, A2 = A2(v).
For the minus sign under the square-root the following replaements will be used
A2k2 = sin2 α(v), γ2 = m2 + p2cos2 α, m2 ≤ γ2 ≤ k2. (38)
For the plus sign under square-root, the replaements are
A2k2 = sinh2 α(v), γ2 = m2 + p2cosh2 α, γ2 ≥ k2. (39)
Then the field χ an be defined via ω from the relation:
χ = arctan
(
(m− ω′v)
p sinω
)
. (40)
Using the replaements (37)-(40), the fields equations an be redued to that of the
first order
B′v =
C1
1− ψ2 , (41)
(ψv)
2 = k2ψ4 −
(
k2 + k2C21 +m
2C22
)
ψ2 +m2C22 ,
where ψ2 = m
2
γ2
.
It is lear that with the help of the replaements (37)-(40) we have redued the problem
to the system of equations (32) whih has been solved in the subsetion B1. Atually,
the solution of the seond equation in (41) an be given by (33) with the substitutions
a1 = m
2C22 , b1 = −
(
k2 + k2C21 +m
2C22
)
, c = k2.
D2: a2 + b2 6= 0; m 6= 0; ξµ2 = e−u(sin vδµv + cos vδµu).
In this ase the solution of the hiral field equations (15)-(16) is given by (37)-(41) with
the substitutions: u→ y, v → x.
D3: a2 + b2 6= 0; m 6= 0; ξµ3 = e−u(sin vδµv − cos vδµu).
The situation here is the same as in the subsetion D2 with the substitution x↔ y.
D4: a2 + b2 6= 0; m 6= 0; ξµ4 = λ2δµu .
This orresponds to the ase presented in the subsetion D1 with the replaement u↔ v.
The solution is given by formulas of the subsetion D1 with the replaement u↔ v. The
defiit angle also appears in this solution.
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4.2 Speial solutions: the instanton and meron solutions
Let us reall some general properties of the instanton and meron solutions. Theses solu-
tions are defined on two dimensional Eulidian spae-time dS2M = (dx
1)2 + (dx2)2.
The standard instanton solution is given as follows [13℄
χ = 2 arctan
√
(x1)2 + (x2)2; Θ = arctan
x1
x2
. (42)
The well-known properties of the instanton solution are: the finiteness of the ation
SNSM = 4π and a topologial harge Q whih should is equal to unity (Q = 1) [6℄. The
"topologial harge density" an be defined as the Jaobian of the mapping of the two-
dimensional spaetime into the target spae  a two-dimensional sphere in the ase under
onsideration.
Let us onsider the two-dimensional subspae (oni "plane") of the oni spae (1)
ds2c = e
2u{du2 + dv2}.
For this ase we an immediately obtain the analog of the instanton solution
χ = 2 arctan eu; Θ = v. (43)
Simple alulations give for the ation the value
S = 4πα = SIS − δ, δ = 8πGµ.
Here we denote by SIS the standard value of the ation of the instanton, whih is equal
to 4π.
The topologial harge orresponding to the oni "plane" will be given by
Q = α =
2
4π
(2π − δ) = 1− 4Gµ = QIS − 4Gµ.
To obtain multi-instanton solutions we an set v = α(φ + 2πk), k ∈ Z. Clearly, in
this ase the defiit angle aumulates.
The meron solution is a solution whih has a topologial harge
1
2
after regularization
[9℄. The ation of the meron solution is logarithmially divergent. In our ase the meron
solution is represented as being given by
χ =
π
2
, Θ = arctan
(
u
v
)
. (44)
It is possible to hek that the ation of the meron solution in the oni "plane" (44)
will be logarithmially divergent, but the topologial harge, through a regularization pro-
edure in the external three dimensional spae, will be equal to
1
2
α. Thus the topologial
harge will also have an aumulative effet.
Multi-instanton and multi-meron solutions an be derived from of the usual proedure
for omplex variable in external three dimensional spae. It is lear that these solutions
will aumulate a defiit angle effet in the invariant harateristis when the integration
over the angle oordinate v is arried out.
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5 Four-dimensional solutions
The geometri ansatz method desribed above has been applied to obtain exat solutions
in the ase of SO(3) non-linear sigma model in Minkowski spae-time[22℄. We will use
the results obtained in [22℄ to the ase of non-linear sigma model in the oni spae
bakground.
5.1 Solutions for one-parametri subgroups
The solutions of this kind an be represented in the form
χ = χ(ξ), ξ = aµx
µ, Θ = Θ(c∗ξ), aµa
µ = 0, c∗ = const, (45)
where here xi denote: Cartesian oordinates x, y, polar oordinates ρ, φ or the o-
ordinates u = ln ρ, φ. These solutions an be obtained, of ourse, only when we have
pseudo-Eulidian signature of spae-time; thus, the existene of an isotropi vetor ~a is
neessary.
5.2 The two-parametri subgroups solutions
The system of equations (15)-(16) oinides with the system orrespondign to SO(3) non-
linear sigma model , onsidered in the bakground of Minkowski spae-time. The solution,
obtained for the last ase, an be applied in our ase, whih in -oordinates reads
χ = arccos (cos a cosF (t, z, u, v)) ; Θ = arctan (tanF (t, z, u, v)/ sin a) , (46)
where a is a parameter and the funtion F (t, z, u, v) must be a solution of the four-
dimensional d'Alembert equation, that is, the funtion F must satisfy the equation
△F (t, z, u, v) def= Ftt − Fzz − Fuu − Fvv = 0. (47)
As an example of a two-dimensional solution we an take the speial solution of Laplae
equation (47) in the form
F (u, v) =
1
2
ln(u2 + v2) + arctan(u/v). (48)
It is lear that the defiit angle appears in this solution.
5.3 Three-parametri stati solution
Aording to our presentation of the hiral field equations (4) the three-parametri solu-
tion [22℄ takes the form
χ = arccos
(
z√
u2 + v2 + z2
)
(49)
Θ = arccos
(
u√
u2 + v2
)
(50)
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Beause of the symmetry with respet to the oordinates u and v we an obtain the
analog of the solution above in the form
χ = arccos
(
z√
v2 + u2 + z2
)
(51)
Θ = arccos
(
v√
v2 + u2
)
(52)
6 Conlusions
In spite of the lose analogy between the solutions of a non-linear sigma model dynami
equations in the ase of Minkowski spae-time and in the oni spae, they are, however,
essentially different in the ase of the instanton and meron solutions. Perhaps these
differenes should be further investigated given the important role these solutions have
played in the developing of the quantum theory of non-linear sigma model .
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